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Abstract
We provide a method of converting Lagrange and Finsler spaces
and their Legendre transforms to Hamilton and Cartan spaces into
almost Ka¨hler structures on tangent and cotangent bundles. In partic-
ular cases, the Hamilton spaces contain nonholonomic lifts of (pseudo)
Riemannian / Einstein metrics on effective phase spaces. This allows
us to define the corresponding Fedosov operators and develop deforma-
tion quantization schemes for nonlinear mechanical and gravity models
on Lagrange– and Hamilton–Fedosov manifolds.
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1 Introduction
To construct a quantum theory for a given classical model is usually under-
stood that it is necessary to elaborate a quantization procedure adapted to
certain fundamental field equations and corresponding Lagrangians/ Hamil-
tonians and theirs symmetries, constraints and locality. In various attempts
to develop quantum versions of gravity and nonlinear physical theories, one
provided different computation schemes when it is supposed that all con-
straints can be solved, gauge symmetries can be represented by shift sym-
metries and there are certain canonical forms for the Poisson brackets. Nev-
ertheless, such quantization usually destroy global symmetries, locality and
may result into violation of local Lorentz symmetry.
There were proposed different sophisticate constructions with formal and
partial solutions for quantum gravity and field interactions theories. We
cite here the BRST quantization methods for non–Abelian and open gauge
algebras [1, 2, 3, 4], deformation quantization [5, 6, 7, 8], quantization of
general Lagrange structures and, in general, BRST quantization without
Lagrangians and Hamiltonians [9, 10],W–geometry and Moyal deformations
of gravity via strings and branes [11, 12, 13] and quantum loops and spin
networks [14, 15, 16].
In the above–mentioned approaches, it is necessary to quantize curved
phase spaces in a manner that is explicitly covariant on phase–space coordi-
nates. Indeed, for instance, the key ingredients of Fedosov and BRST meth-
ods, see [9, 10, 17, 18] and references therein, is the embedding of the system
into the cotangent bundle over its phase space. There were also elaborated
such models following standard geometric constructions over Riemannian
manifolds and formal schemes with symplectic groupoids and contravariant
connections [17, 19].
A rigorous geometric approach to deformation quantization of gravity,
gauge theories and geometric mechanics models with constraints and related
generalized Lagrange–Finsler theories, see [20, 21, 22, 23, 24], shows that the
quantization schemes have to be developed for nonholonomic manifolds1
and tangent and cotangent bundles endowed with nonlinear connection (N–
connection) structure. The natural step in this direction is to apply the
1i.e. manifolds endowed with nonholonomic (equivalent, anholonomic, or non-
integrable distributions), see details and references in [25, 26, 27, 28, 29, 30]
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methods of the geometry of Hamilton and Cartan spaces and generalizations
[31, 32] (such spaces are respectively dual to the Lagrange and Finsler spaces
and generalizations [33, 34]).
The aim of this work is to show how Karabegov’s approach to Fedosov
deformation quantization [19, 35, 36] can be naturally extended for almost
Ka¨hler manifolds endowed with canonical geometric structures generated
by semi–Riemannian and/or Einstein metrics and Lagrange–Finsler and
Hamilton–Cartan fundamental generating functions.
This paper is motivated by the following results: In Refs. [30, 21, 22,
37, 29], we concluded that classical and quantum gravity models on (co)
tangent bundles positively result in generalized Finsler like theories with vi-
olation of local Lorentz symmetry. The conclusion was supported also by a
series of works on definition of spinors and field interactions on (in general,
higher order) locally anisotropic spacetimes [38, 39], on low energy limits of
(super) string theory [40, 41, 42] and possible Finsler like phenomenological
implications and symmetry restriction of quantum gravity [43, 44, 45]. Here,
we emphasize that the nonholonomic quantum deformation formalism can
be re–defined for nonholonomic (pseudo) Riemannian, or Riemann–Cartan,
manifolds with fibred structure. Such nonholonomic spaces, under well de-
fined conditions and for corresponding Lagrange–Finsler variables, possess
local Lorentz invariance for classical theories and seem to preserve it for
nonholonomic quantum deformations, see results from [23, 24].
The work is organized as follows: In Section 2 we recall the basis of
the Lagrange–Finsler and Hamilton–Cartan geometry, nonholonomic lifts of
Einstein metrics on cotangent bundles and almost Ka¨hler models of such
spaces. We also collect there some geometric constructions that we need
for further considerations. Section 3 is devoted to the formalism of canon-
ical nonlinear connections and distinguished connections induced by La-
grange and Hamilton fundamental functions. We introduce the concept of
Hamilton–Fedosov spaces and define the corresponding almost symplectic
structures. In Section 4 we consider a generalization of the concept of con-
nection to that of connection–pair resulting in Fedosov–Hamilton operators–
pairs which is necessary for definition of deformation quantization models
being invariant under symplectic morphisms and Legendre transform. We
provide Fedosov’s theorems for connection–pairs which allows us to develop
an approach to geometric quantization of Hamilton and Einstein (general-
ized on cotangent bundles) spaces in Section 5. We speculate on possible
quantum generalizations of gravitational field equations on phase spaces and
their deformation quantization. Finally, in Section 6 we conclude the results.
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2 Lagrange–Finsler and Hamilton–Cartan Geom-
etry and Einstein Spaces
In this section, we outline some results from the geometry of Lagrange–
Finsler [33, 34] and Hamilton–Cartan [31, 32] spaces.
2.1 Canonical geometric objects on Lagrange and Hamilton
spaces
Let us consider a real sufficiently smooth manifold M,dimM = n ≥ 2. We
label the local coordinates x = {xi}, with ”base” indices i, j, ... = 1, 2, ...n,
and write by TM and T ∗M, respectively, the total spaces of tangent and
cotangent bundles π : TM →M and π∗ : T ∗M →M, with local coordinates
u = (x, y) = {uα = (xi, ya)}, for ”fiber” indices a, b, ... = n+ 1, ..., n + n on
any local cart U ⊂ TM, and ∗u = (x, p) = { ∗uα = (xi, pa)} on any local cart
∗U ⊂ T ∗M, when pa are dual to y
a. In order to apply the Einstein summation
rule for contracting base and fiber indices, we shall use identifications of type
yi + yn+i, i.e. we suppose that indices like a, b, ... can split into respective
n+ i, n+ j.
Definition 2.1 A generalized Hamilton space is defined by a pair GHn =
(M,gij(x, p)), where gij(x, p) is a contravariant symmetric tensor field, non-
degenerate and of constant signature on T˜ ∗M = T ∗M/{0}, for {0} being the
null section of T ∗M.
We note that a contravariant tensor of type
gij(x, p) = eii′(x, p)e
j
j′(x, p)g
i′j′(x) (1)
includes, for some vielbein fields eii′ , the dual tensor g
i′j′(x) as the inverse of
a (semi) Riemann metric gi′j′(x) on M. In this paper, we consider that any
classical solution of the Einstein equations defines a space-time manifold
M and a corresponding deformation quantization procedure on T ∗M de-
fines the values eii′ and other fundamental quantum geometric objects (like
almost symplectic structure and generalized connection) with nontrivial de-
pendence on variables pa. In general, we shall provide our constructions for
(pseudo) Riemannian spaces with (co) metrics of type gi
′j′(x) and gij(x, p)
and discuss if there are any important particular properties for Einstein
manifolds (spaces) when gi′j′(x) is subjected to the condition to solve on M
the gravitational field equations with nonzero cosmological constant λ,
pRi′j′(x) = λgi′j′(x), (2)
4
where pRi′j′(x) is the Ricci tensor for the Levi–Civita connection ∇ =
{ pΓ
i′
j′k′(x)} completely defined by gi′j′ .
For simplicity, we shall work with a more particular class of spaces when
gij(x, p) is defined by a Hamilton function H(x, p) :
Definition 2.2 A Hamilton space Hn = (M,H(x, p)) is defined by a func-
tion T ∗M ∋ (x, p) → H(x, p) ∈ R, i.e. by fundamental Hamilton func-
tion, which is differentiable on T˜ ∗M and continuous on the null section
π∗ : T ∗M → M and such that the (Hessian, equivalently, fundamental)
tensor field
∗gab(x, p) =
∂2H
∂pa∂pb
(3)
is non-degenerate and of constant signature on T˜ ∗M.
Let L(x, y) be a regular differentiable Lagrangian on U ⊂ TM, with
non-degenerate Hessian (equivalently, fundamental tensor field)
gab(x, y) =
∂2L
∂ya∂yb
. (4)
Definition 2.3 A Lagrange space Ln = (M,L(x, y)) is defined by a function
TM ∋ (x, y)→ L(x, p) ∈ R, i.e. a fundamental Lagrange function, which is
differentiable on T˜M and continuous on the null section of π : TM → M
and such that the (Hessian) tensor field gab(x, y) (4) is non-degenerate and
of constant signature on T˜M.
We can define the Legendre transform L→ H,
H(x, p) = pay
a − L(x, y), (5)
where y = {ya} are solutions of the equations pa = ∂L(x, y)/∂y
a, and
(inversely) the Legendre transform H → L,
L(x, y) = pay
a −H(x, p), (6)
where p = {pa} is the solution of the equations y
a = ∂H(x, p)/∂pa.
2
2In some monographs (for instance, see [34, 31]), it is considered the factor 1/2 in the
right sides of (3) and (4). We emphasize that in this paper (for simplicity) the Hamilton
and Lagrange functions will be supposed to be regular and related mutually by Legendre
transforms.
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Following terminology from [31], we say that Nai (14 ) and
∗Nij (15)
are L–dual if L and H are related by Legendre transform (5), or (6). In the
following constructions, we shall consider that to Legendre transform there
are associated the diffeomorphisms
ϕ : TM ⊃ U → ∗U ⊂ T ∗M, (xi, ya)→
(
xi, pa =
∂L(x, y)
∂ya
)
and
ψ : T ∗M ⊃ ∗U → U ⊂ TM, (xi, pa)→
(
xi, ya =
∂H(x, p)
∂pa
)
,
allowing to define respectively pull–back and push–forward of geometric ob-
jects (functions, vectors, differential forms, connections, tensors...) from
∗U to U and from U to ∗U, i.e. we define L–dual geometric objects. For
instance, for a differentiable function 1f on U, we define a differentiable
function 1f
∗ + 1f ◦ψ = 1f ◦ϕ
−1 on ∗U and (inversely) for a differentiable
function 2f on ∗U, we have a differentiable
(
2f
)0
+ 2f ◦ ϕ = 2f ◦ ψ−1
on U. Note that H = L ◦ ϕ−1 and L = H ◦ ψ−1. Similarly, for any vector
field X on U, we get a vector field ∗X + Tϕ ◦ X ◦ ϕ−1 = Tψ−1 ◦ X ◦ ψ
on ∗U and (inversely) for a vector field ∗X on ∗U, we get a vector field
◦X + Tψ ◦X ◦ ψ−1 = Tϕ−1 ◦ ∗X ◦ ϕ on U, where, for example, Tϕ is the
tangent map to ϕ. Dualizing the vector constructions, we obtain that for
any 1–form ω on U, there is 1-form ∗ω + (Tϕ)∗ ◦ω ◦ϕ−1 = (Tψ−1)∗ ◦ω ◦ψ
on ∗U and (inversely) for any form ∗ω on ∗U, we can consider ◦ω +
(Tψ)∗ ◦ ∗ω ◦ ψ−1 = (Tϕ−1) ◦ ∗ω ◦ ϕ on U, where, for example, (Tψ)∗
denotes the cotangent map to (Tψ).
Let vTM and vT ∗M be the vertical distributions on TM and T ∗M ,
respectively.
Definition 2.4 Any Whitney sums
TTM = hTM ⊕ vTM (7)
and
TT ∗M = hT ∗M ⊕ vT ∗M (8)
define respectively nonlinear connection (N–connection) structures paramet-
rized by the local vector fields
ei =
∂
∂xi
−Nai (x, y)
∂
∂ya
on TM
6
and
∗ei =
∂
∂xi
+ ∗Nia(x, p)
∂
∂pa
on T ∗M.
One says that a N–connection defines on TM, or T ∗M, a conventional
horizontal (h) and vertical (v) splitting (decomposition).
Let consider a regular curve c(τ) with real parameter τ, when c : τ ∈
[0, 1] → xi(τ) ⊂ U. It can be lifted to π−1(U) ⊂ T˜M as c˜(τ) : τ ∈ [0, 1] →(
xi(τ), yi(τ) = dx
i
dτ
)
since the vector field dx
i
dτ
does not vanish on T˜M. Fol-
lowing techniques from variational calculus, one proves:
Theorem 2.1 The Euler–Lagrange equations,
d
dτ
∂L
∂yi
−
∂L
∂xi
= 0, (9)
are equivalent to the Hamilton–Jacobi equations,
dxi
dτ
=
∂H
∂pi
and
dpi
dτ
= −
∂H
∂xi
, (10)
and to the nonlinear geodesic (semi–spray) equations
d2xi
dτ2
+ 2Gi(x, y) = 0, (11)
where
Gi =
1
2
gij
(
∂2L
∂yj∂xk
yk −
∂L
∂xj
)
,
for gij being the inverse to gij (4).
Let us consider on T ∗M the canonical symplectic structure
θ + dpi ∧ dx
i. (12)
The Hamiltonian H defines an unique vector field on T ∗M :
XH =
∂H
∂pi
∂
∂xi
−
∂H
∂xi
∂
∂pi
by the equation
iXH θ = −dH,
where iXH denotes the interior product by XH . The same holds for any
function on T ∗M.
By Theorem 2.1 one has:
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Corollary 2.1 The Hamilton–Jacobi equations (10) are equivalent to
dxi
dτ
= {H,xi} and
dpa
dτ
= {H, pa},
where the Poisson structure is defined by brackets
{ 1f, 2f} = θ(X 1f ,X 2f ) (13)
for any functions 1f(x, p) and 2f(x, p) on T ∗M.
Proof. It can be obtained by a standard calculus in geometric mechan-
ics. 
The following theorem holds:
Theorem 2.2 The are canonical N–connections defined respectively by reg-
ular Lagrange L(x, y) and/ or Hamilton H(x, p) fundamental functions:
Nai +
∂Ga
∂yi
(14)
and
∗Nij +
1
2
[
{ ∗gij ,H} −
∂2H
∂pk∂x(i
∗gj)k
]
, (15)
where, ∗gij is the inverse to
∗gij(3) and, for instance, a(ij) = aij+aji denotes
symmetrization of indices.
Proof. We can verify respectively that on any open sets U ⊂ TM and
U∗ ⊂ T ∗M coefficients (14) and (15) satisfy the conditions of Definition
2.4. For details see Ch. 9 in [34] and Ch. 5 in [31]. 
On (co) tangent bundles endowed with N–connection structure, it is
convenient to elaborate a covariant calculus adapted to this structure, i.e.
preserving the conventional splitting of tensors and other geometric objects
(like connections, differential forms etc) into horizontal (h) and vertical (v)
components. In brief, such distinguished (by N–connection) components
are called respectively d–objects, d–field (for some physical fields of ten-
sor, spinor nature ...), d–tensors, d–vectors, d–forms, d–connections etc, see
details in Refs. [31, 32, 33, 34, 38, 29].
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Proposition 2.1 There are canonical frame structures (local N–adapted
(co–)bases ) defined by canonical N–connections:
eα = (ei =
∂
∂xi
−Nai
∂
∂ya
, eb =
∂
∂yb
), on TM, (16)
∗eα = (
∗ei =
∂
∂xi
+ ∗Nia
∂
∂pa
, ∗eb =
∂
∂pb
), on T ∗M, (17)
and their dual (coframe) structures
eα = (ei = dxi, eb = dyb +N bi dx
i), on (TM)∗, (18)
∗eα = ( ∗ei = dxi, ∗ep = dpb −
∗Nibdx
i), on (T ∗M)∗, (19)
when eα⌋e
β = δβα and ∗eα⌋
∗eβ = δβα, where by ⌋ we note the interior
products and δβα being the Kronecker delta symbol.
Proof. It follows by construction under the condition that such frames
should depend linearly on coefficients of respective N–connections. 
One says that certain geometric objects are defined on TM (or T ∗M)
in N–adapted form [equivalently, in distinguished form, in brief, d–form]
if they are given by coefficients defined with respect to frames eα (16) and
coframes eα (18) and their tensor products (with respect to frames ∗eα (17)
and coframes ∗eα (19) and their tensor products). We shall use ”boldface”
letters in order to emphasize that certain spaces (or geometric objects) are
in N–adapted form.
Definition 2.5 The N–lifts of the fundamental tensor fields ∗gab (3) and
gab (4) are respectively
∗g = ∗gαβ
∗eα ⊗ ∗eβ = ∗gij(x, p)e
i ⊗ ej + ∗gab(x, p) ∗ea ⊗
∗eb, (20)
on T ∗M, where ∗gij is inverse to
∗gab, and
g = gαβ e
α ⊗ eβ = gij(x, y)e
i ⊗ ej + gab(x, y)e
a ⊗ eb,
on TM, where gij is stated by gab following gij = gn+i n+j.
The following proposition holds:
Proposition 2.2 The canonical N–connections N (14) and ∗N (15) define
respectively the canonical almost complex structures J, on TM, and ∗J, on
T ∗M.
9
Proof. On TM one introduces the linear operator J acting on eα =
(ei, eb) (16) as follows:
J(ei) = −en+i and J(en+i) = ei.
It is clear that J defines globally an almost complex structure (J ◦ J = −I
for I being the unity matrix) on TM completely determined for Lagrange
spaces by a L(x, y). Now we provide the proof for T ∗M . Let us introduce a
linear operator ∗J acting on ∗eα = (
∗ei,
∗ eb) (17) following formulas
∗J(∗ei) = −g
∗
iae
n+i and ∗J(∗en+i) = ∗ei.
Then ∗J defines globally an almost complex structure ( ∗J ◦ ∗J = − I
for I being the unity matrix) on T ∗M completely determined for Hamilton
spaces by a H(x, p). 
Definition 2.6 The Neijenhuis tensor field for the almost complex struc-
ture ∗J on T ∗M, or J on TM, defined by a N–connection (equivalently, the
curvature of N–connection) is
∗JΩ(X,Y) = −[X,Y] + [ ∗JX, ∗JY]− ∗J[ ∗JX,Y]− ∗J[X, ∗JY],
JΩ(X,Y) = −[X,Y] + [JX,JY]− J[JX,Y]− J[X,JY], (21)
for any d–vectors X and Y.
Hereafter, for simplicity and if one shall not result in ambiguities, we
shall present the N–adapted component formulas for geometric objects on
T ∗M (those for TM being similar), or inversely.
With respect to N–adapted bases, the components of the Neijenhuis
tensor
∗ JΩ involve the coefficients ∗Ωija :
∗Ωija =
∂ ∗Nia
∂xj
−
∂ ∗Nja
∂xi
+ ∗Nib
∂ ∗Nja
∂pb
− ∗Njb
∂ ∗Nia
∂pb
. (22)
They define the coefficients of the N–connection curvature. One gets a
complex structure i.e
∗ JΩ = 0 under some quite complicated conditions
on gab(x, p) and Nia which will be not written here.
It should be noted here that the N–adapted (co–) bases (16)–(19) are
nonholonomic with nontrivial anholonomy coefficients. For instance,
[eα, eβ ] = eαeβ − eβeα =W
γ
αβeγ (23)
with (antisymmetric) anholonomy coefficients W bia = ∂aN
b
i and W
a
ji = Ω
a
ij,
with :
Ωaij =
∂Nai
∂xj
−
∂Naj
∂xi
+N bi
∂Naj
∂pb
−N bj
∂Nai
∂pb
.
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2.2 Almost Ka¨hler Lagrange–Hamilton structures
We can adapt to N–connections various geometric structures on TM and
T ∗M. For instance, we can consider:
Definition 2.7 One calls an almost symplectic structure on T ∗M a nonde-
generate N–adapted 2–form
⊺θ =
1
2
⊺θαβ(u)
∗eα ∧ ∗eβ .
The following Proposition holds:
Proposition 2.3 For any ⊺θ on T ∗M, there is a unique N–connection
∗N = { ∗Nia} satisfying the conditions:
⊺θ = (h ∗X, v ∗Y) = 0 and ⊺θ
.
= h ⊺θ + v ⊺θ, (24)
for any ∗X = h ∗X + v ∗X, ∗Y = h ∗Y + v ∗Y and h ⊺θ( ∗X, ∗Y) +
⊺θ(h ∗X,h ∗Y), v ⊺θ( ∗X, ∗Y) + ⊺θ(v ∗X,v ∗Y).
Proof. For ∗X = ∗eα = (
∗ei,
∗ea) and ∗Y = ∗eβ = (
∗el,
∗eb), where
∗eα is a N–adapted basis of type (17), we write the first equation in (24) in
the form
⊺θ = ⊺θ( ∗ei,
∗ea) = ⊺θ(
∂
∂xi
,
∂
∂pa
)− ∗Nib
⊺θ(
∂
∂pb
,
∂
∂pa
) = 0.
Such conditions uniquely define ∗Nib because
⊺θ is non–degenerate, that is
rank| ⊺θ( ∂
∂pb
, ∂
∂pa
)| = n. Setting locally
⊺θ =
1
2
⊺θij(u)e
i ∧ ej +
1
2
⊺θab(u) ⊺ea ∧
∗eb, (25)
where the first term is for h ⊺θ and the second term is v ⊺θ, we get the second
formula in (24). Finally, we note that in this proposition the constructed
N–connection ∗Nib, in general, is not a canonical one (15). 
In a similar form, as in Proposition 2.3, we can construct a unique N–
connection N = { Nai } for any almost symplectic structure θ on TM (from
formal point of view, we have to omit in formulas the symbols ”*” and
” ⊺”and use variables ya instead of pa).
A N–connection ∗N (8) defines a unique decomposition of a d–vector
∗X = ∗Xh + ∗Xv on T ∗M, for ∗Xh = h ∗X and ∗Xv = v ∗X, where the
11
projectors h and v defines respectively the distributions ∗N and ∗V. They
have the properties
h+ v = I, h2 = h, v2 = v, h ◦ v = v ◦ h = 0.
This allows us to introduce on T ∗M the almost product operator
∗P + I − 2v = 2h− I
acting on ∗eα = (
∗ei,
∗eb) (17) following formulas
∗P( ∗ei) =
∗ei and
∗P( ∗eb) = − ∗eb.
In a similar form, a N–connection N (7) induces an almost product structure
P on TM. One uses also the almost tangent operators
J(ei) = en+i and J (ea) = 0, or J =
∂
∂yi
⊗ dxi;
∗J( ∗ei) =
∗gib
∗eb and ∗J
(
∗eb
)
= 0, or J = ∗gia
∂
∂pa
⊗ dxi.
The operators ∗P, ∗J and ∗J are respectively L–dual to P, J and J if and
only if ∗N and N are L–dual.
For the above–introduced almost complex and almost product operators,
it is straightforward to prove
Proposition 2.4 Let (N, ∗N) be a pair of L–dual N–connections. Then,
we can construct canonical d–tensor fields (defined respectively by L(x, y)
and H(x, p) related by Legendre transforms (5) and/or (6)) :
J =− δai ea ⊗ e
i + δiaei ⊗ e
a, ∗J = − ∗gia
∗ea ⊗ ∗ei + ∗gia ∗ei ⊗
∗ea
corresponding to the L–dual pair of almost complex structures (J, ∗J) ,
P = ei ⊗ e
i − ea ⊗ e
a, ∗P = ∗ei ⊗
∗ei − ∗ea ⊗ ∗ea
corresponding to the L–dual pair of almost product structures (P, ∗P) , and
almost symplectic structures
θ = gaj(x, y)e
a ∧ ei and ∗θ = δai
∗ea ∧
∗ei (26)
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Let us consider an important example:
A Finsler manifold (space) Fn = (M,F (x, y)) is a particular case of
Lagrange space, when the regular Lagrangian L = F 2 is defined by a fun-
damental Finsler function F (x, y) satisfying the conditions: 1. the positive
function F is differentiable function on T˜M continuous on the null section of
projection π : TM → M, 2. F (x, λy) = |λ|F (x, y), i.e. it is 1-homogeneous
on the fibres of TM, and 3. the Hessian (4) defined in this case by F 2 is
positively defined on T˜M.
It is used also the notion of Cartan space Cn = (M,C(x, p)) for H =
C2(x, p) as a particular (1-homogeneous on fiber coordinates) case of Hamil-
ton space when C satisfies the same conditions as F but with respect to
coordinates pa (in brief, we can say that Cartan spaces are Finsler spaces on
T ∗M, see details in [31]). In a similar manner as for Lagrange and Hamilton
spaces, we can introduce the concept of L–dual geometric objects on Finsler
and Cartan spaces. For simplicity, in this work we shall emphasize the bulk
constructions for Hamilton spaces considering that by Legendre transform
we can generate similar ones for Lagrange spaces and, in particular, for
respective Finsler and Cartan geometries.
Definition 2.8 An almost Hermitian model of a cotangent bundle T ∗M
(or tangent bundle TM) equipped with a N–connection structure ∗N (or
N) is defined by a triple ∗H2n = (T ∗M, ∗θ, ∗J), where ∗θ( ∗X, ∗Y) +
∗g ( ∗JX,Y) (or H2n = (TM, θ,J), where θ(X,Y) + g (JX,Y)). A space
∗H2n is almost Ka¨hler, denoted ∗K2n if d ∗θ = 0.
The following theorem holds:
Theorem 2.3 The Lagrange and Hamilton spaces can be represented as al-
most Ka¨hler spaces on, respectively, on TM and T ∗M endowed with canon-
ical N–connection structures N (14) and ∗N (15).
Proof. It follows from the existence on TM and T ∗M of canonical 1–
forms, respectively, defined by a regular Lagrangian L and Hamiltonian H
related by a Legendre transform,
ω =
∂L
∂yi
ei and ∗ω = pidx
i,
for which
θ = dω and ∗θ =d ∗ω,
13
see (12). As a result, we get that d θ = 0 and d ∗θ = 0, which correspond
to the Definition 2.8. 
In this paper, we shall work with almost Ka¨hler models on (co) tan-
gent bundles defined canonically by (pseudo) Riemannian metrics on base
manifolds, see (1), and/or (effective, or for regular mechanics) Lagrangians
(Hamiltonians). Finally, we emphasize that realistic classical and quantum
models are elaborated in explicit form for some classes of linear connections
defined to satisfy certain physical principles and constructed geometrically
to be adapted, or not, to a N–connection structure. We shall perform such
classical and quantum constructions in the following sections.
3 Nonlinear Connections and Almost Symplectic
Geometry
In this section, we consider the almost symplectic geometry induced by reg-
ular Hamiltonians and corresponding canonical N–connections defined natu-
rally, for gravitational and/or geometric mechanics models, on (co) tangent
bundles.
3.1 Canonical N–connections and d–connections for Lagran-
ge and Hamilton spaces
Let D be a linear connection on TM when for a L–duality between the
tangent and corresponding cotangent bundles there are defined pull–back
and push–forward maps. We can define a linear connection ∗D on T ∗M as
follows:
∗D ∗X
∗Y + (D ◦X
◦Y )∗,
for any vector fields ∗X and ∗Y on T ∗M. Inversely, for any linear connection
∗D on T ∗M, we get a linear connection ◦D on TM, following the rule
◦DXY + (
∗D∗X
∗Y )◦,
for any vector fields X and Y on TM.
Definition 3.1 A linear connection D or ( ∗D) on TM (or T ∗M) is a
distinguished connection (d–connection) if it is compatible with the almost
product structure DP = 0 (or ∗D ∗P = 0).
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For L–dual Lagrange and Hamilton spaces, one follows that DP = 0
induces ∗D ∗P = 0, and inversely. The coefficients of d–connections can be
defined with respect to N–adapted frames,
Deβeγ + Γ
α
βγeα and D ∗eβ
∗eγ +
∗Γαβγ
∗eα
with corresponding N–adapted splitting,
Dekej + L
i
jkei,Dekeb + L´
a
bkea,Decej + C´
i
jcei,Deceb + C
a
bcea
and
∗D ∗ek
∗ej +
∗Lijk
∗ei,
∗Dek
∗eb + − ∗L´ ba k
∗ea,
∗D ∗ec
∗ej +
∗C´i cj
∗ei,
∗D ∗ec
∗eb + − ∗C bca
∗ea,
when
Γαβγ = {L
i
jk, L´
a
bk, C´
i
jc, C
a
bc} and
∗Γαβγ = {
∗Lijk,
∗L´ ba k,
∗C´i cj ,
∗C bca }
define corresponding h– and v–splitting of covariant derivatives
D =( hD, vD) and
∗D =( ∗hD,
∗
vD) ,
where hD = {L
i
jk, L´
a
bk}, vD = {C´
i
jc, C
a
bc} and
∗
hD = {
∗Lijk,
∗L´ ba k},
∗
vD = {
∗C´i cj ,
∗C bca }.
We shall work with a more special class of d–connections:
Definition 3.2 A linear connection nD (or ∗nD) on TM (or T ∗M) is N–
linear if it preserves under parallelism the Whitney sum N (7) (or ∗N (8))
i.e it is a d-connection and is compatible with the almost tangent structure
J (or ∗J) i.e. nDJ = 0 (or ∗nD ∗J = 0).
This is a class of N–linear connections characterized by the property:
Proposition 3.1 The N–adapted coefficients of N–linear connections
nD + { nΓαβγ = (L
i
jk, C´
i
jc)} and
∗nD + { n∗Γαβγ = (
∗Li jk,
∗C´i cj )} of
respective L–dual Lagrange and Hamilton spaces are:
nΓαβγ = {L
i
jk, L´
n+i
n+jk = L
i
jk, C´
i
jc, C
n+i
n+jc = C´
i
jc} (27)
and
∗nΓαβγ = {
∗Li jk,
∗L´ n+in+j k =
∗Li jk,
∗C´i cj ,
∗C n+i cn+j =
∗C´i cj }. (28)
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Proof. By a straightforward computation for coefficients (27) and (28),
when, for instance, ∗nDα = (
∗
hDi,
∗
vD
a), for ∗hD = {
∗Lijk} and
∗
vD =
{ ∗C´i cj }, we can verify that the conditions considered in Definition 3.2 are
satisfied. 
The connection 1–form of N–linear connection ∗nΓαβ=
∗nΓαβγ
∗eγ =
{ ∗nΓij} is defined by
∗nΓij =
∗Lijk
∗ek + ∗C´i cj
∗ec, (29)
where the v–components ∗nΓab are identified with the h–components
∗nΓij
following formulas ∗nΓn+in+j =
∗nΓab. The following theorem holds:
Theorem 3.1 On a Hamilton space, the structure equations for ∗nΓi j are
d ∗ek − ∗ej ∧ ∗nΓkj = −
∗T k,
d ∗ec +
∗ea ∧
∗nΓac = −
∗Tc,
d ∗nΓi j −
∗nΓik ∧
∗nΓkj = −
∗Ri j ,
where the 2–form of torsion T α = {T k,Tc} is computed
∗T k =
1
2
∗T kij
∗ei ∧ ∗ej + ∗C´k cj
∗ej ∧ ∗ec,
∗Ta =
1
2
∗Ωija
∗ei ∧ ∗ej +
1
2
∗Paic
∗ei ∧ ∗ec +
1
2
∗S bca
∗eb ∧
∗ec,
for the N–connection curvature ∗Ωija (22) and
∗T kij =
∗Lkij −
∗Lkji,
∗S bca =
∗C´b ca −
∗C´c ba ,
∗Paic =
∗gae (
∗Leic −
∗ee( ∗Nic)) , (30)
and the 2–form of curvature ∗Rαβ =
(
∗Ri j,
∗Rab
)
, with ∗Ri j =
∗Rn+in+j,
is computed
∗Ri j =
1
2
∗Rijkm
∗ek ∧ ∗em + ∗P i cjk
∗ek ∧ ∗ec +
1
2
∗Si bcj
∗eb ∧
∗ec,
where
∗Ri jkm =
∗em(
∗Li jk)−
∗ek(
∗Li jm) (31)
+ ∗Lojk
∗Liom −
∗Lojm
∗Li ok +
∗C´i oj
∗Ωoka,
∗P i cjk =
∗ec( ∗Li jk)−
∗
hDk(
∗C´i cj ) +
∗C´i oj
∗P cko,
∗Si bcj =
∗ec( ∗C´i bj )−
∗eb( ∗C´i cj ) +
∗C´k bj
∗C´i ck −
∗C´k cj
∗C´i bk ,
for ”non–boldface” ∗ec = ∂/∂pc.
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Proof. It is a straightforward differential computation for 1–form (29).

There is a ”L–dual” Theorem for Lagrange spaces [34], see generaliza-
tions of nonholonomic manifolds and deformation quantization of gravity in
Ref. [30, 24], similarly to Theorem 3.1. From formal point of view, we have
to change H into L and consider the constructions on TM, omitting the
labels ”*” and using coordinates (xi, ya) instead of (xi, pa).
3.2 Hamilton–Fedosov spaces and almost Ka¨hler structures
There are canonical N–linear connections on TM and T ∗M completely de-
fined, respectively, by the fundamental Lagrange (see [34] and, for applica-
tions to geometric quantization, [21, 24]) and Hamilton functions.
Theorem 3.2 There exists a canonical N–linear connection
∗D̂ + { ∗Γ̂αβγ = (
∗L̂i jk,
∗ ̂´Ci cj )} on a Hamilton space Hn = (M,H(x, p))
endowed with canonical N–connection ∗Nij (15) satisfying the conditions:
1) ∗hD̂i
∗gkj = 0 and ∗vD̂a
∗gkj = 0, 2) ∗T kij = 0 and
∗S bca = 0 and 3)
∗D̂ is completely defined by H(x, p), i.e. by d–metric (20).
Proof. Let us consider the N–adapted coefficients
∗L̂ijk =
1
2
∗gis ( ∗ej(
∗gsk) +
∗ek(
∗gjs)−
∗es(
∗gjk)) ,
∗ ̂´Ci cj = −12 ∗gjs ∗ec( ∗gsi) (32)
defined with respect to N–adapted bases ∗eα (17) and coframes
∗eα (19)
defined by ∗Nij (15). By a direct computation, we can verify that the
conditions of this Theorem are satisfied only for such coefficients and their
coordinate/frame transform. 
The coefficients (32) are just the Christoffel symbols on (co) tangent
space T ∗M, defined by H. Nevertheless, for a Hamilton space endowed with
canonical N–connection, d–connection and metric structure, there are non-
trivial torsion components induced by the nonholonomic distribution defined
by H, see ∗Paic (30).
From Theorem 3.2, one follows an important property:
Corollary 3.1 The canonical d–connection ∗D̂ is an almost symplectic d–
connection satisfying the conditions
∗D̂ ∗θ = 0 and ∗D̂ ∗J = 0 (33)
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and being completely defined by a Hamiltonian H(x, p) for ∗θ( ∗X, .) +
∗g ( ∗JX, .) .
Proof. A Hamilton space can be equivalently transformed into almost
Ka¨hler space ∗K2n , see Definition 2.8. Considering the d–tensor fields
associated to ∗θ and ∗J, see Proposition 2.4, and a covariant N–adapted
calculus defined by the canonical d–connection coefficients (32) we can ver-
ify that the almost symplectic structure compatibility conditions (33) are
satisfied. 
In Ref. [20], it was introduced the concept of Lagrange–Fedosov manifold
as nonholonomic manifold with the N–connection and almost symplectic
structure defined by a fundamental (in genera, effective) Lagrange function
L(x, y). On cotangent bundles, we can consider
Definition 3.3 A Hamilton–Fedosov space is a cotangent bundle endowed
with canonical N–connection and the almost Ka¨hler structure induced by a
fundamental Hamilton function H(x, p).
There are Hamilton–Fedosov spaces defined completely by a lift (1) of a
(pseudo) Riemannian metric on base M.
Theorem 3.3 Any Einstein manifold associated to a solution of (2), for a
lift (1) on T ∗M, defines canonically a Hamilton–Fedosov space.
Proof. We sketch the idea for such constructions. Let us fix any val-
ues eii′(x, p) in (1) and associate g
ab(x, p) to a ∗gab(x, p) (3). This define
correspondingly the values ∗g (20) and ∗N (15). As a result, we construct
an effective Hamilton space, which can be modelled as a canonical almost
symplectic structure as we described above. For classical configurations,
the values eii′ can be δ
i
i′ , but for quantum models they should defined by
a scheme of de–quantization, or semi–classical approximation in quantum
gravity.
There is a particular case of Cartan–Fedosov spaces with 0-homogeneous
on variables ”p” components eii′(x, p) resulting in a similar homogeneity for
gab(x, p) and H = gabpapb when
∗N is determined from (15) with ∗g from
(21).
The problem is more sophisticate in the case of general Hamilton–Fedosov
spaces. For certain physical important four dimensional spaces (used in gen-
eral relativity) with nonholonomic splitting of dimensions as 2+2 and, for
instance, if dimM = 2, we can fix such local coordinate systems when (3) is
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integrable for certain solvable partial differential equations for eii′(x, p), but
this may not hold true for other parameterizations and higher dimensions.
A general approach should include the case of Eisenhart–Hamilton spaces
and their Fedosov quantum deformation analogs, with both symmetric and
nonsymmetric components for (3) resulting because of any general quan-
tum nonholonomic Legendre transform. Such constructions should dub on
cotangent bundles those for Eisenhart-Lagrange/- Finsler spaces (see Chap-
ter 8 in [33] and Refs. [52,53]). The length of this paper does not allow
us to present a detailed proof because it is connected with a sophisticate
geometric techniques for nonlinear connections and nonsymmetric metrics
arising both in the case of nonholonomic Ricci flows and quantum nonholo-
nomic deformations and/or symplectic transform in gravity and geometric
mechanics, see recent results in Refs. [54-56]. 
Finally, we note that similar almost symplectic models can be performed
for Cartan spaces when the Hamiltonian is homogeneous on vertical coordi-
nates.
4 Fedosov Operator–Pairs for Hamilton Spaces
In this section, we shall apply the method of deformation quantization elabo-
rated in Refs. [5, 6, 35] to define two classes of canonical operators which are
necessary to quantize the Hamilton–Fedosov spaces and related subspaces
on cotangent bundles defined by lifts of Einstein metrics. We shall address
precisely the question how the geometry of cotangent bundles and related
deformation quantization change under symplectic transforms and elaborate
a formalism which preserves the form of Hamilton–Jacobi equations both on
classical and quantum level.
4.1 Canonical Fedosov–Hamilton operators
The formalism of deformation quantization can be developed by using the
space C∞( ∗K2n)[[v]] of formal series in the variable v with coefficients from
C∞( ∗K2n) on a almost Poisson manifold ( ∗K2n, {·, ·}), see the almost sym-
plectic form ∗θ and the Poisson brackets (13). Using the associative algebra
structure on C∞( ∗K2n)[[v]] with a v–linear and v–adically continuous star
product
1f ∗ 2f =
∞∑
r=0
rC(
1f, 2f) vr, (34)
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where rC, r ≥ 0, are bilinear operators on C
∞( ∗K2n) with 0C(
1f, 2f) =
1f 2f and 1C(
1f, 2f)− 1C(
2f, 1f) = i{ 1f, 2f}; for i being the complex
unity, we can construct a formal Wick product
1a ◦ 2a (z) + exp
iv
2
∗Λ
αβ ∂
2
∂zα∂zβ[1]
 1a(z) 2a(z[1]) |z=z[1], (35)
for two elements a and b defined by series of the type
a(v, z) =
∑
r≥0,|{α}|≥0
ar,{α}(u)z
{α} vr, (36)
where by {α} we label a multi–index and ∗Λαβ + ∗θαβ − i ∗gαβ , where
∗θαβ is the symplectic form (26), with ”up” indices, and ∗gαβ is the inverse
to d–tensor (20). This defines a formal Wick algebra ∗Wu associated with
the tangent space Tu
∗K2n, for u ∈ ∗K2n, where the local coordinates on
∗K2n are parameterized in the form u = {uα} and the local coordinates on
Tu
∗K2n are labelled (u, z) = (uα, zβ), where zβ are fiber coordinates.
We trivially extend the fibre product (35) to the space of ∗W–valued
N–adapted differential forms ∗W⊗Λ, where by Λ we note the usual exterior
product of the scalar forms and ∗W is the sheaf of smooth sections of ∗W.
There is a standard grading on Λ noted dega . We also introduce gradings
degv,degs,dega on
∗W ⊗ Λ defined on homogeneous elements v, zα, ∗eα,
when degv(v) = 1, degs(z
α) = 1, dega(
∗eα) = 1, and all other gradings of
the elements v, zα, ∗eα are set to zero. As a result, the product ◦ from (35)
on ∗W ⊗Λ is bi-graded, written as w.r.t the grading Deg = 2degv +degs
and the grading dega .
The canonical d–connection ∗D̂ + { ∗Γ̂αβγ = (
∗L̂ijk,
∗ ̂´Ci cj )} with
coefficients (32) can be extended to an operator
∗D̂ (a⊗ λ) +
(
∗eα(a)− u
β ∗Γ̂
γ
αβ
z∗
eα(a)
)
⊗ ( ∗eα ∧ λ) + a⊗ dλ, (37)
on ∗W⊗Λ, where the N–adapted basis z∗eα is
∗eα redefined in z–variables.
This canonical almost symplectic d–connection ∗D̂ is a N–adapted dega–
graded derivation of the distinguished algebra ( ∗W ⊗Λ, ◦) , in brief, called
d–algebra: this follows from formulas (35) and (37)).
Definition 4.1 The Fedosov–Hamilton operators ∗δ and ∗δ−1 on ∗W⊗Λ,
are defined
∗δ(a) = ∗eα ∧ z∗eα(a), and
∗δ−1(a) =
{
i
p+qz
α ∗eα(a), if p+ q > 0,
0, if p = q = 0,
(38)
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where any a ∈ ∗W ⊗ Λ is homogeneous w.r.t. the grading degs and dega
with degs(a) = p and dega(a) = q.
The d–operators (38) define the formula a = ( ∗δ ∗δ−1 + ∗δ−1 ∗δ +
σ)(a), where a 7−→ σ(a) is the projection on the (degs,dega)–bihomogeneous
part of a of degree zero, degs(a) = dega(a) = 0;
∗δ is also a dega–graded
derivation of the d–algebra ( ∗W ⊗Λ, ◦) .
4.2 Fedosov–Hamilton operator–pairs
Having defined d–operators (38), we can perform a Fedosov type quanti-
zation of Hamilton spaces in a L–dual form to Lagrange spaces [21, 24].
Nevertheless, such constructions would not reflect completely the symplec-
tic properties of Hamilton spaces and their quantum deformations. For a
cotangent bundle π∗ : T ∗M → M, a N–connection ∗N (15) is a supple-
mentary distribution hT ∗M of the vertical distribution vT ∗M = ker ⊺π∗,
where ⊺π∗ is the tangent map of π∗. It is often more convenient to consider
a N–connection as an almost product structure ∗P, see Proposition 2.4, such
that vT ∗M = ker(I +∗ P). If f ∈ Diff(T ∗M), the push–forward of ∗N
by f generally fails to be a connection. This constrains us to extend the
definition of connection, see details in Chapter 8 of [31].
Definition 4.2 A connection–pair ∗φ is an almost product structure ∗φ
on T ∗M such that the horizontal bundle hT ∗M + ker(I − ∗φ) is supple-
mentary to vT ∗M and the oblique bundle wT ∗M + ker(I + ∗φ) define the
nonholonomic splitting (Whitney sum)
TT ∗M = hT ∗M ⊕ wT ∗M. (39)
We can consider preferred ∗φ–adapted frame and coframe structures
induced by the coefficients of N–connection:
Proposition 4.1 There are a canonical connection–pair ∗φ and associated
frames and coframes:
φeα =
(
φei =
∂
∂xi
+ ∗Nia
∂
∂pa
, web =
∂
∂pb
− ∗gbi φei
)
(40)
φeα =
(
φei = dxi + ∗gbi web,
web = dpb −
∗Nibdx
i
)
, (41)
where ∗gab (3) and ∗Nia (15) are generated by a Hamilton fundamental func-
tion H(x, p).
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Proof. The proof is similar to that for Proposition 2.1 but adapted both
the the splitting (39), with respective h- and v–projections, 2h′ = I+ ∗φ and
2w = I − ∗φ, and to the splitting (8), with respective h- and v–projections,
2h = I + ∗N and 2v = I − ∗N. 
We note that for Hamilton spaces a connection–pair structure ∗φ is
symmetric, i.e. ∗Nia =
∗Nai and
∗gab = ∗gba. For simplicity, in this work,
we shall restrict our considerations only to ∗φ–symmetric configurations.
In order to perform geometric constructions adapted both to the N–
connection and almost symplectic structure, it is necessary to work with
∗φ–adapted bases (40) and (41) instead of, respectively, (17) and (19). For
instance, every vector field X has two components
X = hX + vX = h′X + wX,
where wX = w(X). This defines the class of ∗φ–tensor fields alternatively
to that of d–tensor fields considered in the previous sections.
Definition 4.3 A linear connection φD on T ∗M is a ∗φ–connection if
φD ∗φ = 0 and φD w = 0.
We can characterize φD = ( φhD= {
φLijk},
φ
wD= { φC
j k
i }) by the
coefficients computed with respect to ∗φ–adapted frames (40) and (41):
φD φek
φej =
φLijk
φej ,
φD φek
web = φLbck
wec,
φD wea
web = φCb ac
wec, φD wea
φej =
φCk aj
φek,
for φLn+in+j k = −
φLijk and
φC n+k an+j = −
φCk aj .
Theorem 4.1 There is a canonical ∗φ–connection φD̂ = ( φL̂ijk,
φĈk aj )
on T ∗M completely defined by a Hamilton fundamental function H(x, p) and
satisfying the conditions
φ
hD̂(
∗gab) = 0 and φv D̂(
∗gab)=0,
φT̂ kij = 0 and
φŜ bca = 0.
Proof. The torsion and curvature of φD̂ are computed as in Theorem
3.1, see formulas (30), but with respect to (40) and (41). By straightforward
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computations, we can verify that for
φL̂ijk =
1
2
∗gkm( φei
∗gmj +
φej
∗gim −
φem
∗gij)
−
1
2
∗gkm(Ajim +Aijm +Amij), (42)
φCj ki = −
1
2
∗gim(
wej ∗gmk + wek ∗gim + wem ∗gjk)
−
1
2
∗gim(B
jmk +Bkmj +Bmkj),
where
Aijm =
∗Ωijm and B
mkj = ∗gmi( ∗gka wej ∗Nia −
∗gja wek ∗Nia),
the conditions of Theorem are satisfied. 
The diffeomorphism symmetry of Hamilton mechanical models and pos-
sible lifts of Einstein spaces on cotangent bundles is an important character-
istic of classical theories. In deformation quantization models, this property
can be preserved for regular N–connection structures:
Definition 4.4 A diffeomorphism f ∈ Diff(T ∗M) is called ∗N–regular
if the restriction of tangent map (πf)∗ : hT
∗M → TM to hT ∗M is a
diffeomorphism.
For a connection–pair ∗φ, the concept of ∗N–regularity imposes the
equivalence of statements: 1) the push–forward map of ∗φ by f, defined as
∗φ = f∗(
∗φ)f−1∗ , is a connection–pair and 2) f is
∗N–regular. This follows
from the mapping π∗ : ker(I−
∗φ)→ TM and the equality f∗(ker(I−
∗φ)) =
ker(I − ∗φ). The N–connection ∗N associated to ∗φ is the push–forward
of ∗N by f. One says that ∗φ and ∗φ are f–related.
Following a calculus with local coordinate transforms, one proves:
Corollary 4.1 1) For φeα = (
φei,
web) in (x, p) and φeα = (
φei,
web) in
(x(x, p), p(x, p)) induced respectively by ∗φ and ∗φ, the following formulas
hold
f∗(
φei) = ̟
k
i
φek and f∗(
web) = ˜̟ bc wec,
where
̟ki
∗Nka =
φei(pa) and ˜̟ bc = web(pc)− web(xk) ∗Nkc.
2) The push–forward of a N–connection ∗N by a ∗N–regular diffeomor-
phism is a N–connection if f is fiber preserving, i.e. locally f(x, p) =
(x(x), p(x, p)).
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Symplectic morphisms are diffeomorphisms which transform a symplec-
tic form ∗θ = dpi ∧ dx
i into a symplectic form ∗θ = f∗( ∗θ) = dpi ∧ dx
i. By
coordinate transforms, one proves:
Theorem 4.2 For a f ∈ Diff(T ∗M) being ∗N–regular and satisfying the
condition f∗( ∗θ)( φei,
web) = δbi , two from the next statements implies
the third: 1) f is a symplectic morphism; 2) ∗φ is symmetric; 3) ∗φ is
symmetric.
The push–forward of ∗g (20) results in the local form
∗g = ∗gαβ
∗eα ⊗ ∗eβ = ∗gij(x, p)e
i ⊗ ej + ∗gab(x, p) ∗ea ⊗
∗eb,
where ∗gij ◦ f = ̟ik̟
j
l
∗gkl.
If ∇ is a linear connection on T ∗M, we define its push–forward by f on
T ∗M as
∇XY + f∗ (∇XY )
for Y = f∗(Y ) and X = f∗(X). By coordinate parameterizations of diffeo-
morphisms, we can prove:
Proposition 4.2 1) A connection ∇ is a ∗φ–connection if and only if ∇ is
a ∗φ–connection; 2) ∇ is compatible to metric ∗g (almost symplectic ∗θ)
structure if and only if ∇ is compatible to metric ∗g (almost symplectic
∗θ) structure.
Proof. Locally, we can prove that the coefficients of ∗φ–connection φD
are related to coefficients of ∗φ–connection φD by formulas
φL
k
ij = ˜̟ i′i ˜̟ j′j ̟kk′ φLi′j′k′ +̟ki′ φej φei(xi′),
φC
i j
k = ̟
i
i′̟
j
j′ ˜̟ k′k φCi′ j′k′ +̟ii′ wej φei(xi′).
Using formulas
φD( ∗φ) = 0⇐⇒ φD( ∗φ) = 0,
φD ∗g = φD [f∗(
∗g)] = f∗(
φD ∗g),
φD ∗θ = φD [f∗(
∗θ)] = f∗(
φD ∗θ),
where for ∗φ–connections we use the symbol φD instead of ∇, and by local
computations, we can verify that there are satisfied the conditions
φD ∗g = 0⇐⇒ φD ∗g = 0,
φD ∗θ = 0⇐⇒ φD ∗θ = 0.
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Summarizing the above–presented results we get the proof of:
Theorem 4.3 There is a unique canonical ∗φ–connection φD̂ with coeffi-
cients (42) generated by a Hamilton fundamental function H(x, p) which
is almost symplectic and metric compatible and adapted to symplectic mor-
phism.
We can use φD̂ and frames (40) and (41) to construct instead of (37) an
extended on ∗W ⊗ Λ operator
φD̂ (a⊗ λ) +
(
φeα(a)− u
β φΓ̂
γ
αβ
zφ
eα(a)
)
⊗ ( φeα ∧ λ) + a⊗ dλ, (43)
where the local basis zφeα is
φeα redefined in z–variables. This allows us
to introduce a new class of operators adapted both to the N–connection
structure and symplectic morphisms:
Definition 4.5 The Fedosov–Hamilton operator–pairs φδ and φδ−1 on
∗W ⊗Λ, are defined
φδ(a) = φeα ∧ zφeα(a), and
φδ−1(a) =
{
i
p+qz
α φeα(a), if p+ q > 0,
0, if p = q = 0,
(44)
where any a ∈ ∗W ⊗ Λ is homogeneous w.r.t. the grading degs and dega
with degs(a) = p and dega(a) = q.
We note that the formulas (44) are different from (38) because they are
defined for different nonholonomic distributions and related adapted frame
structures.
Using differential calculus of forms on ∗W ⊗Λ, we prove
Proposition 4.3 The torsion and curvature canonical d–operators of
φD̂ (a⊗ λ) (43) are computed
zφT̂ +
zγ
2
∗θγτ
φT̂ταβ(u)
φeα ∧ φeβ, (45)
and
zφR̂ +
zγzϕ
4
∗θγτ
φR̂τϕαβ(u)
φeα ∧ φeβ, (46)
where the nontrivial coefficients of φT̂ταβ and
φR̂τϕαβ are defined respec-
tively by formulas (30) and (31) for the canonical ∗φ–connection φD̂ =
( φL̂ijk,
φĈk aj ) (42) with respect to (40) and (41).
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By straightforward verifications, one gets the proof of
Theorem 4.4 Any Fedosov–Hamilton operator–pairs (44) and related ex-
tended operator–pair (43) are defined by torsion (45) and curvature (46)
following formulas:[
φD̂, φδ
]
=
i
v
adWick(
zφT̂ ) and φD̂2 = −
i
v
adWick(
zφR̂), (47)
where [·, ·] is the dega–graded commutator of endomorphisms of
∗W ⊗ Λ
and adWick is defined via the dega–graded commutator in (
∗W ⊗Λ, ◦) .
The formulas (47) can be restated for any metric compatible d–connecti-
on and ∗φ–connection structures on T ∗M. Finally, we conclude that the
operators constructed in this section are invariant under diffeomorphisms
and in particular under symplectic morphisms.
5 Deformation Quantization of Hamilton and Ein-
stein Spaces
The aim of this section is to provide the main Fedosov’s theorems for Hamil-
ton spaces and show how the Einstein manifolds can be encoded into the
topological structure of such quantized nonholonomic spaces.
5.1 Fedosov’s theorems for connection–pairs
The theorems will be formulated for the canonical ∗φ–connection φD̂ (42).
Theorem 5.1 A Hamilton fundamental function H(x, p) defines a flat Fe-
dosov ∗φ–connection
φD̂ + − φδ + φD̂−
i
v
adWick(
φr)
satisfying the condition φD̂2 = 0, where the unique element φr ∈ ∗W⊗Λ,
dega(
φr) = 1, φδ−1 φr = 0, is a solution of equation
φδ φr = φT̂ + φR̂+ φD̂ φr −
i
v
φr ◦ φr.
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The solution for φr can be computed recursively with respect to the total
degree Deg in the form
φr(0) = φr(1) = 0, φr(2) = φδ−1 φT̂ ,
φr(3) = φδ−1
(
φR̂+ φD̂ φr(2) −
i
v
φr(2) ◦ φr(2)
)
,
φr(k+3) = φδ−1
(
φD̂ φr(k+2) −
i
v
k∑
l=0
φr(l+2) ◦ φr(l+2)
)
, k ≥ 1,
where a(k) is the Deg–homogeneous component of degree k of an element
a ∈ ∗W ⊗Λ.
Proof. It follows from a local component calculus with ∗φ–adapted
coefficients of φD̂, see similar considerations in [5, 6, 35].
For Hamilton spaces, we can define a canonical star–product. By an
explicit construction, we prove:
Theorem 5.2 A ∗φ–adapted star–product for Hamilton spaces is defined on
C∞(T ∗M)[[v]] by formula
1f ∗ 2f + σ(τ( 1f)) ◦ σ(τ( 2f)),
where the projection σ : ∗W → C∞(T ∗M)[[v]] onto the part of degs–degree
zero is a bijection and the inverse map τ : C∞(T ∗M)[[v]] → ∗W can be
calculated recursively w.r..t the total degree Deg,
τ(f)(0) = f and, for k ≥ 0,
τ(f)(k+1) = δˇ−1
(
φD̂τ(f)(k) −
i
v
k∑
l=0
adWick(
φr(l+2))(τ(f)(k−l))
)
.
Let fX the Hamiltonian vector field corresponding to a function f ∈
C∞(T ∗M) on space (T ∗M, ∗θ) and consider the antisymmetric part
−C( 1f, 2f) +
1
2
(
C( 1f, 2f)− C( 2f, 1f)
)
of bilinear operator C( 1f, 2f). A star–product (34) is normalized if 1C(
1f,
2f) = i2{
1f, 2f}, where {·, ·} is the Poisson bracket, see (13). For the
normalized ∗, the bilinear operator −2 C defines a de Rham–Chevalley 2–
cocycle, when there is a unique closed 2–form φκ such that
2C(
1f, 2f) =
1
2
φκ( f1X, f2X) (48)
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for all 1f, 2f ∈ C∞(T ∗M). This is used to introduce c0(∗) + [
φκ] as the
equivalence class.
Computing 2C from (48) and using the Theorem 5.2, we get the proof
for
Lemma 5.1 The unique 2–form defined by the unique canonical connection-
-pair can be computed
φκ = −
i
8
∗J α
′
τ
φR̂τα′ −
i
6
d
(
∗J α
′
τ
φT̂τα′β
φeβ
)
.
Let us define the canonical class φε, for the splitting (39). We can per-
form a distinguished complexification of such second order tangent bundles
in the form TC
(
φTT ∗M
)
= TC (hT
∗M) ⊕ TC (wT
∗M) and introduce φε
as the first Chern class of the distributions T ′
C
(
φTT ∗M
)
= T ′
C
(hT ∗M) ⊕
T ′
C
(wT ∗M) of couples of vectors of type (1, 0) both for the h– and w–parts.
We compute φε using φD̂ and the h- and v–projections hΠ = 12(Idh− iJh)
and vΠ = 12(Idv − iJv), where Idh and Idv are respective identity op-
erators and Jh and Jv are almost complex operators, which are projec-
tion operators onto corresponding (1, 0)–subspaces. Introducing the matrix
(hΠ, vΠ) R̂ (hΠ, vΠ)T , where (...)T means transposition, as the curvature
matrix of the N–adapted restriction of φD̂ to T ′
C
(
φTT ∗M
)
, we compute
the closed Chern–Weyl form
φγ = −iT r
[
(hΠ, vΠ) φR̂ (hΠ, vΠ)T
]
(49)
= −iT r
[
(hΠ, vΠ) φR̂
]
= −
1
4
∗J α
′
τ
φR̂τα′ .
Using the canonical class φε + [ φγ], we prove:
Theorem 5.3 The zero–degree cohomology coefficient c0(∗) for the almost
Ka¨hler model of a Hamilton space ∗K2n, defined by a Hamilton fundamental
function H(x, p) is computed c0(∗) = −(1/2i)
φε.
The coefficient c0(∗) contains as a particular case the class of zero–degree
cohomologies computed for a metric of type gi′j′(x) onM, defining a solution
of the Einstein equations and lifted on cotangent bundle by formula (1). In
such cases, this zero–degree coefficient defines certain quantum properties of
the gravitational field. A more rich geometric structure should be considered
if we define a value similar to c0(∗) encoding the information about Einstein
manifolds lifted to the cotangent bundle.
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5.2 Quantum gravitational field equations
Any solution in classical Einstein gravity can be embedded into a Hamilton
space model and quantized on cotangent bundle following the Fedosov quan-
tization adapted to ∗φ– and d–connections. Considering a de–quantization
formalism [36], we construct certain quantum deformations of the classical
Einstein configurations in the classical limit. Such a model defines a non-
holonomic almost Ka¨hler generalization of the Einstein gravity on cotangent
bundle. The solutions for the ”cotangent” gravity are, in general, with vio-
lation of Lorentz symmetry induced by quantum corrections. The nature of
such quantum gravity corrections is different from those defined by Finsler–
Lagrange models on tangent bundle (see, for instance, [33, 34, 43, 44, 45])),
locally anisotropic string gravity [40, 41, 42] with corrections from extra–
dimensions and nonholonomic spinor gravity [37, 38, 39] and noncommu-
tative gravity, see reviews of results in [29, 30]. The aim of this section
is to analyze how a generalization of Einstein gravity can be performed
on cotangent bundles in terms of canonical ∗φ–connections, with geometric
structures induced by an effective Hamiltonian fundamental function, when
the Fedosov quantization can be naturally performed.
For a canonical ∗φ–connections φD̂= { φΓ} (42), we can define the Ricci
tensor,
Ric( φD̂) = { φR̂ βγ +
φR̂αβγα},
and the scalar curvature, φR + ∗gαβ φR̂αβ . On cotangent bundle T
∗M, we
postulate the field equations
φR̂
α
β −
1
2
( φR+ λ) φe
α
β = 8πGΥ
α
β, (50)
where Υ
α
β is the effective energy–momentum tensor, λ is the cosmological
constant, G is the Newton constant in the units when the light velocity
c = 1, and φe β =
φe
α
β∂/∂u
α is the ∗φ–adapted base (40).
We consider the effective source 3–form
←−
Υ β = Υ
α
β ǫαβγδdu
β ∧ duγ ∧ duδ,
where ǫαβγδ is the absolute antisymmetric tensor, and the action for the
”cotangent” gravity and matter fields,
S[e,Γ, φ] = grS[e,Γ] + matterS[e,Γ, φ].
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Theorem 5.4 The equations (50) can be represented as 3–form equations
ǫαβγτ
(
φeα ∧ φRβγ + λ φeα ∧ φeβ ∧ φeγ
)
= 8πG
←−
Υ τ (51)
following from action by varying the components of e β , when
←−
Υ τ =
m←−Υ τ and
m←−Υ τ =
mΥατ ǫαβγδdu
β ∧ duγ ∧ duδ,
where mΥ
α
τ = δ matterS/δe τα .
Proof. It is a usual textbook and/or differential form calculus (see, for
instance, [46, 14]). In our case, we have to use the ∗φ–adapted bases (40)
and (41) for φD̂. 
The Chern–Weyl 2–form (49) can be used to define the quantum version3
of Einstein equations (51) in the approaches with deformation quantization:
Corollary 5.1 The quantum field equations on cotangent bundle generaliz-
ing the Einstein gravitations in general relativity are
φeα ∧ φγ = ǫαβγτ2πG ∗Jβγ
←−
Υ τ −
λ
4
∗Jβγ
φeα ∧ φeβ ∧ φeγ . (52)
Proof. Multiplying φeα∧ with (49), taking into consideration the equa-
tion (51), and introducing the almost complex operator ∗Jβγ , we get the
almost symplectic form of the Einstein equations (52). 
An explicit computation of φγ for nontrivial matter fields has to be per-
formed for a deformation quantization model with interacting gravitational
and matter fields geometrized in terms of an almost Ka¨hler model defined
for spinor and fiber bundles on cotangent bundles.
6 Conclusions
In this paper we outlined a method of converting any regular Lagrange and
Hamilton dynamics into equivalent almost Ka¨hler geometries with canon-
ical nonlinear connection (N–connection) and adapted almost symplectic
structures. The formalism was performed to be invariant under symplectic
morphisms and adapted to Legendre transforms of Lagrangians into Hamil-
tonians and inversely. The geometry of cotangent bundles endowed with
3in the sense of deformation quantization (i.e. when quantum equations are derived
following a deformation procedure) but not of perturbative quantum theory
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nonholonomic distributions, formulated as certain Hamilton–Cartan spaces
being dual to the corresponding Lagrange–Finsler spaces, described in Sec-
tions 2 and 3 presents a key prerequisite of this approach to deformation
quantization.
Given a regular Lagrange (in particular, Finsler; and related Legendre
transforms), or Hamilton (in particular, Cartan), generating function, we
completely define the fundamental geometric objects of a Hamilton geometry
modelled on cotangent bundle, inducing canonical almost symplectic and
compatible symplectic connection. The connection–pair and canonical ∗φ–
connection uniquely constructed to preserve the invariance under symplectic
morphisms are introduced in Section 4.2. Such geometric objects are crucial
for defining Fedosov–Hamilton operator–pairs. This allows us to generalize
the Fedosov’s theorems for deformation quantization to the case of Hamilton
spaces and to show how the Einstein manifolds can be encoded into such a
quantization scheme.
Any classical solution of the Einstein equations can be lifted to the cotan-
gent bundle, and embedded into a Hamilton space geometry using frame
transforms variables depending both on spacetime and phase (momentum
like) coordinates. Such variables can be defined from a de–quantization pro-
cedure like that considered in Ref. [36] but in our case re–formulated for
nonholonomic cotangent bundles. In general, such constructions result in
quasi–classical effects of quantum gravity with violations of local Lorentz
symmetry. The surprising result advocated in this paper is that we can
model classical and quantum gravitational effects by corresponding effective
classical and quantum Hamilton mechanics systems. Nevertheless, certain
additional phenomenological and/or experimental data for quantum gravity
effects have to be assigned to the scheme in order to define the nonholonomic
frame transforms of locally isotropic gravitational fields into quantized and
semi–classical ones on cotangent bundle.
On cotangent bundles and curved phase spaces, there were developed
different methods of quantization of nonlinear field theories and mechanical
systems with nonholonomic constraints. For instance, in Refs. [47, 48], there
were constructed in explicit form examples of ”cotangent” star–products (in
such cases, one derive certain compatible symplectic / Levi Civita type
connections). The formalism was revised and developed by introducing
auxiliary variables, with further restrictions, and/or higher spin systems,
in analogy with gauge theories with generalized symmetries, in the frame-
work of the BRST approach [49, 50, 51, 10, 1]. In general, the methods of
quantization of nonlinear physical systems on contangent bundles are very
different from that on tangent bundles. The source of this is in the fact that
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Lagrange and Hamilton (both classical and quantum) schemes may result
in very different quantum models for nonlinear classical theories: On phase
spaces, we have to consider Legendre transform and additional symmetries
related to symplectic morphisms (i.e. morphisms preserving a symplectic
structure into a symplectic structure). In such a case, the author of [19] had
to work with symplectic groupoids and introduce contravariant connections
which modified substantially the Fedosov scheme of quantization.
There are various ideas and approaches to quantize gravity theories,
including deformation quantization. In our partner works [23, 24] we elab-
orated a direction related to effective Lagrange–Finsler geometries by per-
forming nonholonomic deformations to quantum versions of (semi) Rieman-
nian manifolds preserving the local Lorentz invariance at least for semi–
classical approximations. Following the same geometric methods developed
for Finsler spaces, but extended for nonholonomic manifolds, we proved
that there are similar quantization schemes of gravity and Lagrange–Finsler
spaces modelled on tangent bundles [21, 22]. Such constructions also result
in violations of local Lorentz symmetry but with physical effects which are
very different from those for models on cotangent bundles. The general con-
clusion of this paper is that a deformation quantization scheme for Hamilton
spaces and related generalizations of the Einstein gravity on cotangent bun-
dle results in more rich geometric structures and requests more advanced
geometric methods with nonlinear connections and connection–pairs. We
can elaborate a standard Fedosov formalism also on cotangent bundle (not
involving groupoid structures) by introducing canonical nonlinear connec-
tions structures and generalizing the concept of linear and distinguished
connections to that of connection pairs.
We are planing to compare different approaches to deformation quanti-
zation of gravity (preserving or violating the local Lorentz invariance) and
other quantization schemes in our further works.
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